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Abstract
In 2019, we gave a construction of G-invariant Calabi-Yau structures on an
open set of the complexification GC/KC of a symmetric space G/K of compact
type. However, there were some gaps in the construction. In this paper, we
close the gaps and give a construction of G-invariant Calabi-Yau structures on
the punctured complexified symmetric space (GC/KC) \ (G/K).
1 Introduction
Let (M,g) be a Cω-Riemannian manifold, where Cω means the real analyticity. The
complexification of (M,g) is defined as follows. Let TM be the tangent bundle of
M and JA be the adapted complex structure (associated to g) defined on a tubular
neighborhood UA of the zero section of TM , where we note that JA is defined on
the whole of TM (i.e., UA = TM) when (M,g) is of non-negative curvature. See
[Sz] and [GS1, GS2] about the definition of the adapted complex structure. The
complex manifold (UA, JA) is regarded as the complexification of (M,g) under the
identification of the zero-section of TM with M . Let G/K be a symmetric space
of compact type. Since G/K is a Cω-Riemannian manifold of non-negative cur-
vature, the adapted complex structure JA of G/K is defined on the whole of the
tangent bundle T (G/K). As above, (T (G/K), JA) is regarded as the complexifi-
cation of G/K. We also can define the complexification of G/K as follows. Let
GC and KC be the complexifications of G and K, respectively. Denote by g, k, gC
and kC be the Lie algebras of G,K,GC and KC, respectively. Let g = k ⊕ p and
gC = kC ⊕ pC be the canonical decompositions associated to the semi-simple sym-
metric pairs (G,K) and (GC,KC), respectively. Here we note that p and pC are
identified with the tangent spaces TeK(G/K) and TeKC(G
C/KC), respectively. For
the simplicity, set o := eKC(= eK). Define a complex linear transformation j of
1
pC by j(v) :=
√−1v (v ∈ pC). Since j is AdGC(KC)-invariant, we can define GC-
invariant complex structure J of GC/KC satisfying Jo = j uniquely, where AdGC
denotes the adjoint representation of GC. The complex manifold (GC/KC,J) is
regarded as another complexification of G/K under the identification of the orbit
G · o with G/K. We can define a natural holomorphic diffeomorphism between two
complexifications (T (G/K), JA) and (G
C/KC,J) of G/K as follows. Let B be the
Killing form of g and set BA := 2ReB
C. Since BA is AdGC(K
C)-invariant, we can
define GC-invariant pseudo-Riemannian metric βA of G
C/KC satisfying (βA)o = BA
uniquely. The pseudo-Riemannian manifold (GC/KC, βA) is one of semi-simple
pseudo-Riemannian symmetric spaces. Also, the triple (GC/KC, JA, βA) gives an
anti-Kaehler manifold. See [K1] about the definition of the anti-Kaehler manifold.
Denote by Expp the exponential map of (G
C/KC, βA) at p ∈ GC/KC. The natural
bijection Ψ : (T (G/K), JA)−→∼= (G
C/KC,J) is given by
Ψ(v) := Expp(Jp(v)) (p ∈ G/K, v ∈ Tp(G/K)),
where v in the right-hand side is regarded as a tangent vector of the submanifold G ·
o(≈ G/K) in GC/KC and Expp is the exponential map of the anti-Kaehler manifold
(GC/KC, βA) at p(∈ GC/KC). It is shown that Ψ is a holomorphic diffeomorphism
between (T (G/K), JA) and (G
C/KC,J) (see Section 2 about the proof of this fact).
Thus these two complexifications of G/K are identified through Ψ.
o
p
G · o = G/K
Ψ(Tp(G · o))
Jp(v)
v
GC/KC
Ψ(v) = Expp(Jp(v))Ψ
0-section(=G/K)
T (G/K)
v
Tp(G/K)
p
Figure 1 : The identification of (T (G/K), JA) and (G
C/KC,J)
In 1993, M. B. Stenzel ([St]) gave a construction of G-invariant complete Ricci-flat
metrics on the cotangent bundle of a rank one symmetric space G/K of compact
type, where we note that the cotangent bundle is identified with the tangnet bundle
naturally. In 2004, R. Bielawski ([B2]) gave a construction of G-invariant Ricci-
flat metrics on the complexification (GC/KC,J) of a general rank symmetric space
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G/K of compact type, where G, K and GC are assumed to be connected. In 2019,
we ([K4]) gave a construction of Calabi-Yau structures on an open set U of the
complexification GC/KC of a symmetric space G/K of compact type. However,
there were some gaps in the construction. In this paper, we close the gaps and give
a construction of G-invariant Calabi-Yau structures on the punctured complexified
symmetric space (GC/KC) \ (G/K).
2 Basic notions and facts
In this section, we first recall the adapted complex structure of the tangent bundle
of complete Cω-Riemanninan manifold (M,g), which was introduced by R. Szo¨ke
([Sz]) and V. Guillemin-M. B. Stenzel ([GS1, GS2]), and show that Ψ stated in
Introduction is a holomorphic diffeomorphism. For each geodesic γ : R → M in
(M,g), we define γ∗ : C→ TM by
γ∗(s+ t
√−1) := tγ′(s) (s+ t√−1 ∈ C),
where TM is the tangent bunndle ofM and γ′(s) is the velocity vector of γ at s. Then
V. Guillemin and M. B. Stenzel showed that there exists a unique complex structure
JA of TM such that, for any geodesic γ : R → M in (M,g), γ∗ : C → (TM, JA) is
holomorphic. This complex structure is called the adapted complex structure of TM
associated to g.
Proposition 2.1. Let G/K be a symmetric space of compact type and Ψ :
T (G/K) → GC/KC be the map stated in Introduction. Then the map Ψ is a
holomorphic diffeomorphism of (T (G/K), JA) onto (G
C/KC,J).
Proof. It is clear that Ψ is a diffeomorphism. We shall show that Ψ is holomorphic.
Let γ : R→ G/K be a geodesic in G/K and set γC := Ψ ◦ γ∗. Then we have
γC(s+ t
√−1) = Expγ(s)(tJγ(s)(γ′(s))),
which is the complexification of the geodesic γ in G/K(≈ G · o ⊂ GC/KC)) in the
sense of [K2, K3]. By using Proposition 3.1 of [K3], we can show that γC : C →
(GC/KC,J) is holomorphic. This fact together with the arbitrariness of γ implies
that Ψ is holomorphic.
Remark 2.1. In [K4], this fact was stated but the proof was not given.
Let G/K be a symmetric space of compact type and (GC/KC, J) be the com-
plexification of G/K. Let ψ : GC/KC → R be a strictly plurisubharmonic function
3
over GC/KC, where we note that “strictly plurisubharmonicity” means that the
Hermitian matrix
(
∂2ψ
∂zi∂z¯j
)
is positive (or equivalently, (∂∂ψ)(Z,Z) > 0 holds for
any nonzero (1, 0)-vector Z). Then ωψ :=
√−1∂∂ψ
Ψ
C
T (G/K)
GC/KC
1
2
√−1
√−1
s
t
√−1
γ∗
v
γ′(s)
2γ′(s)
2v
v
Jγ(0)(v)
Expγ(0)(Jγ(0)(2v))
Expγ(0)(Jγ(0)(v))
0-section G · o(= G/K)
γCv
Figure 2 : The image of γ∗
is a real non-degenerate closed 2-form on GC/KC and the symmetric (0, 2)-tensor
field βψ associated to J and ωψ is positive definite. Hence (J, βψ) gives a Kaehler
structure of GC/KC. Thus, from each strictly plurisubharmonic function over
GC/KC, we can construct a Kaehler structure of GC/KC. Denote by Expp the
exponential map of the anti-Kaehler manifold (GC/KC, βA) at p(∈ GC/KC) and
exp the exponentional map of the Lie group GC. Set gd := k ⊕ √−1p(⊂ gC) and
Gd = exp(gd). Denote by βG/K the G-invariant (Riemannian) metric on G/K
induced from B|p×p and βGd/K the Gd-invariant (Riemannian) metric on Gd/K in-
duced from −(ReBC)|√−1p×√−1p. We may assume that the metric of G/K is equal
to βG/K by homothetically transforming the metric of G/K if necessary. On the
other hand, the Riemannian manifold (Gd/K, βGd/K) is a (Riemannian) symmetric
space of non-compact type. The orbit G · o is isometric to (G/K, βG/K ) and the
normal umbrella Expo(T
⊥
o (G · o))(= Gd · o) is isometric to (Gd/K, βGd/K). The
complexification pC of p is identified with To(G
C/KC) and
√−1p is identified with
To(Expo(T
⊥
o (G · o))). Let a be a maximal abelian subspace of p, where we note that
dim a = r˜. Denote by W the Weyl group of Gd/K with respect to
√−1a. This
4
group acts on
√−1a. Let C(⊂ √−1a) be a Weyl domain (i.e., a fundamental do-
main of the action W y
√−1a). Then we have G · Expo(C) = GC/KC, where C is
the closure of C. For a W -invariant connected open neighborhood D of 0 in
√−1a,
we define a neighborhood U1(D) of o in Σ := Expo(
√−1a) by U1(D) := Expo(D),
a neighborhood U2(D) of o in G
d/K by U2(D) := K · U1(D) and a tubular neigh-
borhood U3(D) of G · o in GC/KC by U3(D) := G · U1(D) and (see Figure 3).
Denote by Conv+W (D) the space of all W -invariant strictly convex (C
∞-)functions
over D, Conv+K(U2(D)) the space of all K-invariant strictly convex (C
∞-)functions
over U2(D) and PH
+
G (U3(D)) the space of all G-invariant strictly plurisubharmonic
(C∞-)functions over U3(D). The restriction map (which is denoted by RD32) from
U3(D) to U2(D) gives an isomorphism of PH
+
G (U3(D)) onto Conv
+
K(U2(D)) and the
composition of the restriction map (which is denoted by RD31) from U3(D) to U1(D)
with Expo gives an isomorphism of PH
+
G (U3(D)) onto Conv
+
W (D) (see [AL]). Hence
we suffice to construct W -invariant strictly convex functions over D or K-invariant
strictly convex functions over U2(D) to construct strictly plurisubharmonic func-
tions over U3(D). Let ψ be a G-invariant strictly plurisubharmonic (C
∞-)function
over U3(D). Set ψ¯ := RD32(ψ) and ψ¯ := RD31(ψ) ◦ Expo. Conversely, for a W -
invariant strictly convex (C∞-)function ρ over D, denote by ρh the G-invariant
strictly plurisubharmonic (C∞-)function ψ over U3(D) with ψ¯ = ρ. Similarly, for
a K-invariant strictly convex (C∞-)function σ over U2(D), set σ := RD21(σ) ◦ Expo
and denote by σh the G-invariant strictly plurisubharmonic (C∞-)function ψ over
U3(D) with ψ¯ = σ. Also, for a W -invariant strictly convex (C
∞-)function ρ over D,
denote by ρd the K-invariant strictly convex C∞-function σ over U2(D) with σ = ρ.
Denote by Ricψ the Ricci form of βψ. It is known that Ricψ is described as
(2.1) Ricψ = −
√−1∂∂ log det
(
∂2ψ
∂zi∂z¯j
)
,
where ∇ denotes the Riemannian connection of βGd/K , (z1, · · · , zn) is any complex
coordinate of GC/KC. Note that the right-hand side of (2.1) is independent of the
choice of the complex coordinate (z1, · · · , zn) of GC/KC. According to the result of
[B1], for any given K-invariant positive C∞-function φ on Gd/K, the Monge-Ampe`re
equation
(2.2)
det∇dσ
det βGd/K
= φ
has a global K-invariant strictly convex C∞-solution.
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3 Constructions of Calabi-Yau structures
In this section, we shall give constructions of Calabi-Yau sructures on open dense
subset (GC/KC)reg consisting of all regular points of G
C/KC. First we define a
natural GC-invariant non-vanishing holomorphic (n, 0)-form on GC/KC. Take an
orthonormal base (e1, · · · , en) of p with respect to B and let (θ1, · · · , θn) be the
dual base of (e1, · · · , en). Also, let (θi)C (i = 1, · · · , r) be the complexification of
θi. Since (θ1)C ∧ · · · ∧ (θn)C is AdGC(KC)|pC-invariant, we obtain the GC-invariant
non-vanishing holomorphic (n, 0)-form Ω on GC/KC with ΩeKC = (θ
1)C∧· · ·∧(θn)C.
Take any point p0 := Expo(Z0) (Z0 ∈
√−1p) and an orthonormal base (e1, · · · , en)
of
√−1p with respect to βGd/K satisfying ei ∈
√−1a (i = 1, · · · , r). Let U˜o be a suf-
ficiently small neighborhood of the origin 0 in pC. Define a local complex coordinate
ϕo = (z
o
1 , · · · , zon) on Uo := Expo(U˜o) by
(Expo|U˜o)
−1(p) =
n∑
i=1
zoi (p)ei (p ∈ Uo)
(By Lemma 3.1, ϕo gives a local complex coordinate of the complex manifold (M,J)).
Set Up0 := exp(Z0)(Uo), where exp is the exponential map of the Lie group G
C.
Define a local complex coordinate ϕp0 = (zp01 , · · · , zp0n ) on Up0 by zp0i = zoi ◦exp(Z0)−1
(i = 1, · · · , n). Let zoi = xoi +
√−1yoi and zp0i = xp0i +
√−1yp0i (i = 1, · · · , n). We call
such a local complex coordinate ϕp0 = (zp01 , · · · , zp0n ) a normal complex coordinate
about a point p0 of the real form G
d · o(= Gd/K) associated to (e1, · · · , en). Let
zp0i = x
p0
i +
√−1yp0i and set ep0i := expGd(Z0)∗o(ei). Then we note that the following
relation holds:
Exp−1p0 (p) =
n∑
i=1
(xp0i (p)e
p0
i + y
p0
i (p)Jp0(e
p0
i )) (p ∈ Up0).
Proposition 3.1. Let (U,ϕ = (z1, · · · , zn)) be a normal complex coordinate about
a point p0 of the real form G
d · o(= Gd/K) associated to (e1, · · · , en). Then, for any
ρ ∈ Conv+W (D), we have
det
(
∂2ρh
∂zi∂zj
∣∣∣∣
p0
)
=
1
4n
· det∇
dd(ρh|U2(D))
detβGd/K
∣∣∣∣∣
p0
.
Proof. First we note that (Je1, · · · ,Jen) be an orthonormal base of T⊥p0(Gd/K)
(⊂ Tp0(G · p0)). Let γi (i = 1, · · · , n) be the geodesic in Gd/K with γ′i(0) = ei and
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γ̂i (i = 1, · · · , n) be the geodesic in G · p0 with γ̂′i(0) = Jei. It is easy to show that
γ̂i is a geodesic in G
C/KC. From this fact and the G-invariance of ρh, we can show
(∇dρh)p0(Jei,Jei) =
d2(ρh ◦ γ̂i)
ds2
∣∣∣∣
s=0
− (dρh)p0(∇γ̂′(0)γ̂′) = 0.
Similarly, we can show (∇dρh)p0(Jei+Jej,Jei+Jej) = 0. Hence, from the symmet-
ricnesses of (∇dρh)p0 , we have (∇dρh)p0(Jei,Jej) = 0 (1 ≤ i, j ≤ n). We can show
that the geodesic γ̂i is given as γ̂i(t) := exp(tw)(p0) for some w ∈ g. Define a vector
field ξj along γ̂i by ξj(t) := exp(tw)∗(ej). It is shown that ξj is a G-equivariant
∇⊥-parallel normal vector field of G · p0 along γ̂i because the G-action on GC/KC
is hyperpolar, where ∇⊥ is the normal connection of G · p0. Since ρh is G-invariant
and ξj is ∇⊥-parallel, we have
(∇dρh)p0(Jei, ej) =
dξj(t)(ρ
h)
dt
∣∣∣∣
t=0
− (∇γ̂i(0)ξj)(ρh)
=((Ap0)ej (Jei))(ρ
h) = 0,
where A is the shape tensor of G · p0. Hence we obtain
(3.1)
∂2ρh
∂zi∂zj
∣∣∣∣
p0
= (∇dρh)Cp0
(
1
2
(ei −
√−1Jei), 1
2
(ej +
√−1Jej)
)
=
1
4
{(∇dρh)p0(ei, ej) + (∇dρh)p0(Jei,Jej)
−√−1(∇dρh)p0(Jei, ej) +
√−1(∇dρh)p0(ei,Jej)}
=
1
4
· (∇dd(ρh|U2(D)))p0(ei, ej).
From this relation, we can derive the desired relation.
Remark 3.1. The relation (3.1) coincides with the relation in Lemma 3.2 of [B2].
However, our method of the proof differs from that of [B2]. Our method of the proof
will be used to derive the relation in the following proposition.
Also, we can show the following fact.
Proposition 3.2. For any ρ ∈ Conv+W (D), we have
det∇ddρd
det βGd/K
∣∣∣∣∣
p
= (−1)n−r · det dρZ(hp(·, ·))
det (βρh)p
· det∇
0dρ
detβ0
∣∣∣∣
Z
,
7
where Z is a regular point (i.e., a point of a Weyl domain of
√−1a), p = Expo(Z)
and h is the second fundamental form of the orbit K · p (⊂ Gd · o).
Proof. Let (e1, · · · , er) be an orthonormal base of TpΣ(≈
√−1a) and (ê1, · · · ,
ên−r) an orthonormal base of T⊥o Σ, where Σ := Expo(
√−1a). Since Z is a regular
point, T⊥p Σ is equal to Tp(K · p). Let γi (i = 1, · · · , r) be the geodesic in Σ with
γ′i(0) = ei and γ̂i (i = 1, · · · , n − r) be the geodesic in K · p with γ̂′i(0) = êi. Then,
since γi (i = 1, · · · , r) is a geodesic in Gd/K, we have
(∇ddρd)p(ei, ei) = d
2(ρd ◦ γi)
ds2
∣∣∣∣
s=0
− dρdp(∇dγ′i(0)γ
′
i)
=(∇0dρ)Z(ei, ei).
Similarly, we can show (∇ddρd)p(ei+ ej , ei + ej) = (∇0dρ)Z(ei+ ej, ei + ej). Hence,
from the symmetricnesses of (∇ddρd)p and (∇0dρ)Z , we have
(∇ddρd)p(ei, ej) = (∇0dρ)Z(ei, ej). On the other hand, since ρd is K-invaria-
nt, we have
(∇ddρd)p(êi, êi) = d
2(ρd ◦ γ̂i)
ds2
∣∣∣∣
s=0
− dρdp(hp(êi, êi))
=− dρZ(hp(êi, êi)).
Similarly, we can show
(∇ddρd)p(êi + êj , êi + êj) = −dρZ(hp(êi + êj , êi + êj)).
Hence, from the symmetricnesses of (∇ddρd)p and dρZ(hp(·, ·)), we have
(∇ddρd)p(êi, êj) = −dρZ(hp(êi, êj). The geodesic γ̂i is given as
γ̂i(t) := exp(tw)(p)
for some w ∈ k. Define a vector field ξj along γ̂i by ξj(t) := exp(tw)∗(ej). It is shown
that ξj is a K-equivariant ∇⊥-parallel normal vector field of K · p along γ̂i because
K-action on Gd/K is hyperpolar, where ∇⊥ is the normal connection of K ·p. Since
ρd is K-invariant and ξ is ∇⊥-parallel, we have
(∇ddρd)p(êi, ej) = dξi(t)(ρ
d)
dt
∣∣∣∣
t=0
− (∇dγ̂i(0)ξj)(ρd)
=((Ap)ej (êi))(ρ
d) = 0,
where A is the shape tensor of K · p. Set
e˜i :=
{
ei (i = 1, · · · , r)
êi−r (i = r + 1, · · · , n).
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Then, from the above relations, we obtain
(3.2)
(
(∇ddρd)p(e˜i, e˜j)
)
=
(
(∇0dρ)Z(ei, ej)
) ⊕ (−dρZ(hp(êi, êj))) ,
where the right-hand side of this relation is the direct sum of two matrices. Hence
we can derive the desired relation.
For the simplicity, we denote
√−1p and √−1a by pd and ad, respectively. For
λ ∈ (ad)∗, we define pdλ and kλ by
kλ := {v ∈ k | ad(Z)2(v) = β(Z)2v (∀Z ∈ ad)}
and
pλ := {v ∈ pd | ad(Z)2(v) = β(Z)2v (∀Z ∈ ad)}.
Also, we define △(⊂ (ad)∗) by
△ := {λ ∈ (ad)∗ | pdλ 6= {0} },
which is the root system. Let △+ be the positive root subsystem of △ with respect
to some lexicographic ordering of (ad)∗. Then we have
k = zk(a
d)⊕
(
⊕
λ∈△+
kλ
)
and pd = ad ⊕
(
⊕
λ∈△+
pdλ
)
,
where zk(a
d) is the cetralizer of ad in k. Setmλ := dim p
d
λ (λ ∈ △+). Let C(⊂ ad) be a
Weyl domain (i.e., a fundamental domain of the Weyl group action W y ad). Points
of W · C and G · Expo(W · C) are regular points. We call G ·Expo(W · C) the regular
point set of GC/KC and denote it by (GC/KC)reg. Also, w call K · Expo(W · C) the
regular point set of Gd/K and denote it by (Gd/K)reg. Note that (G
C/KC)reg (resp.
(Gd/K)reg) is an open dense subset of G
C/KC (resp. Gd/K).
Remark 3.2. Recently P. M. Gadea, C. Gonza´lez-Da´vila and I. V. Mykytyuk ([GGM])
gave a one-to-one correspondence between the set of all G-invariant Ricci-flat Ka¨hler
structures on (GC/KC)reg (which is identified with T
+(G/K) in [GGM]) and the set
of all 2-forms on G× C satisfying six conditions (1)−(6) in Theorem 4.8 in [GGM].
Furhtermore, they gave a one-to-one correspondence between the set of all 2-forms
on G× C satisfying the conditions (1)−(6) and the set of all functions of C to some
subalgebra of g satisfying four conditions (1)−(4) in Theorem 5.1 of [GGM]. Thus
the classification of G-invariant Ricci-flat Ka¨hler structures on (GC/KC)reg is re-
duced to that of functions of C to some subalgebra of g satisfying four conditions
(1)−(4) in Theorem 5.1 of [GGM].
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Let A be the shape tensor of the principal orbit K · Expo(Z) (Z ∈ C) of the
isotropy action K y Gd/K. For simplicity, set p := Expo(Z). Then we have
T⊥p (K · p) = exp(Z)∗(ad)(= ad) and Tp(K · p) = exp(Z)∗
(
⊕
λ∈△+
pdλ
)
.
Lemma 3.3([V]). For the shape operator Av (v ∈ ad), the following relations hold:
Av|exp(Z)∗pλ = −
λ(v)
tanh λ(Z)
id (λ ∈ △+).
As above, from ρh, we can construct a Riemannian metric βρh on G
C/KC and the
Ka¨hler form ωρh of the Ka¨hler structure (J, βρh). Take p = k ·Expo(Z) ∈ (Gd/K)reg
(k ∈ K, Z ∈ E · C). As in the proof of Proposition 3.2, we take an orthonormal base
(e1, · · · , er) of TpΣ(= ad) and an ortonormal base (ê1, · · · , ên−r) of T⊥p Σ(= Tp(K ·p)).
Set
e˜i :=
{
ei (i = 1, · · · , r)
êi−r (i = r + 1, · · · , n).
Let (zp1 , · · · , zpn) be a normal complex coordinate about p with respect to an or-
thonormal base (e˜1, · · · , e˜n) of pd. Let zpi = xpi +
√−1ypi (i = 1, · · · , n).
Define a non-linear differential operator D : C∞(W · C) → C∞(W · C) of order
one by
(3.3) D(ρ) := Π
λ∈△+
(
Xλ(ρ)
tanh λ(·)
)mλ
(ρ ∈ C∞(W · C)),
where Xλ is the parallel vector field on a
d defined by λ(·) = β0((Xλ)Z , ·) (Here we
identify TZa
d with ad). It is easy to show that D(C∞W (W · C)) ⊂ C∞W (W · C) holds.
We can derive the following relations.
Lemma 3.4. (i) For βρh |Gd/K , the following relations hold:
(βρh)p
( ∂
∂xpi
)
p
,
(
∂
∂xpj
)
p
 = (βρh)p
( ∂
∂ypi
)
p
,
(
∂
∂ypj
)
p

=

1
4
· ∂
2ρ
∂xpi ∂x
p
j
∣∣∣∣∣
Z
(1 ≤ i, j ≤ r)
(Xλ)Z(ρ)
tanhλ(Z)
· δij (r + 1 ≤ i, j ≤ n s.t.
(
∂
∂xpi
)
p
∈ (k · exp(Z))∗(pdλ))
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and
(βρh)p
( ∂
∂xpi
)
p
,
(
∂
∂ypj
)
p
 = 0 (1 ≤ i, j ≤ n).
(ii) The following relation hold:
det
 ∂2ρh
∂zpi ∂z
p
j
∣∣∣∣∣
p
 = 1
4n
· det
(
∂2ρ
∂xpi ∂x
p
j
∣∣∣∣∣
Z
)
· D(ρ)(Z).
Proof. By simple calculations, we have
(βρh)p
( ∂
∂xpi
)
p
,
(
∂
∂xpj
)
p
 = (βρh)p
( ∂
∂ypi
)
p
,
(
∂
∂ypj
)
p

= 2Re
 ∂2ρh
∂zpi ∂z
p
j
∣∣∣∣∣
p
 ,
and
(βρh)p
( ∂
∂xpi
)
p
,
(
∂
∂ypj
)
p
 = 2Im
 ∂2ρh
∂zpi ∂z
p
j
∣∣∣∣∣
p
 ,
where 1 ≤ i, j ≤ n.
From Lemma 3.3, we have
hp = −
∑
λ∈△+
1
tanh λ(Z)
· pr∗λ(βρh)p ⊗ (Xλ)Z ,
where prλ is the orthogonal projection of p
d onto pdλ. By replacing (ê1, · · · ,
ên−r) by an orthonormal base of
T⊥p Σp = Tp(K · p) = ⊕
λ∈△+
(k · exp(Z))∗(pdλ)
consisting of unit vectors belonging to ∐
λ∈△+
exp(Z)∗(pdλ), we have
(3.4) (−dρZ(hp(êi, êj))) = ⊕
λ∈△+
(Xλ)Z(ρ)
tanhλ(Z)
·Emλ ,
11
where Emλ is the identity matrix of degree mλ. From (3.1), (3.2) and (3.4), we
obtain
(3.5)
 ∂2ρh
∂zpi ∂z
p
j
∣∣∣∣∣
p
 = 1
4
·
((
∂2ρ
∂xpi ∂x
p
j
∣∣∣∣∣
Z
)
⊕
(
⊕
λ∈△+
(Xλ)Z(ρ)
tanhλ(Z)
·Emλ
))
.
From these relations, we can derive the relations in the statements (i) and (ii).
We obtain the following fact.
Theorem 3.5. Let D be a W -invariant open set of ad and ρ a W -invariant strictly
convex C∞-function on D. Assume that ρ satisfies
(3.6) D(ρ) · det(∇
0dρ)
detβ0
= 2n
on (W · C) ∩D. Then the following statements (i) and (ii) hold.
(i) The quadruple (J, βρh , ωρh ,Ω) gives a Calabi-Yau structure of G · Expo(D).
(ii) Assume that D is a domain surrounded by two W -invariant star-shaped
hypersurfaces (for 0) of ad as in Figure 3. Then there exists a W -equivariant diffeo-
morphism η of ad \ {0} onto D \ {0}. Let η˜ be the G-equivariant diffeomorophism
of (GC/KC) \ (G · o) onto G · Expo(D \ {0}) arising from η. Then the quadruple
(η˜∗J, η˜∗βρh , η˜∗ωρh , η˜∗Ω) gives a Calabi-Yau structure of (GC/KC) \ (G · o).
Proof. Take any point p := k ·Expo(Z) of K ·Expo((W · C)∩D) (k ∈ K, Z ∈W · C)
and an orthonormal base (e1, · · · , en) of pd with respect to βGd/K satisfying ei ∈ ad
(i = 1, · · · , r). Let (zp1 , · · · , zpn) be the normal complex coordinate about p associated
to (e1, · · · , en). Then we have
(ωρh)
n
p =(−1)
n(n−1)
2
√−1n · n! · det
 ∂2ρh
∂zpi ∂z¯
p
j
∣∣∣∣∣
p

× (dzp1 ∧ · · · ∧ dzpn ∧ dz¯p1 ∧ · · · ∧ dz¯pn)p
and
Ωp = (dz
p
1 ∧ · · · ∧ dzpn)p.
Hence we obtain
(3.7) (ωρh)
n
p = (−1)
n(n−1)
2
√−1n · n! · det
 ∂2ρh
∂zpi ∂z¯
p
j
∣∣∣∣∣
p
 · Ωp ∧ Ωp.
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On the other hand, from (3.5) and the assumption, we obtain
(3.8) det
 ∂2ρh
∂zpi ∂z¯
p
j
∣∣∣∣∣
p
 = 1
4n
· D(ρ)(Z) · det∇
0dρ
detβ0
∣∣∣∣
Z
=
1
2n
.
From (3.7) and (3.8), we obtain
(3.9) (ωρh)
n
p = (−1)
n(n−1)
2 · n! ·
(√−1
2
)n
· Ωp ∧ Ωp.
Since this relation (3.9) holds at any point of K ·Expo((W ·C)∩D), it follows from the
continuities of ωρh and Ω that (3.9) holds on K · Expo(D). Furthrermore, it follows
from this fact that (3.9) holds on G ·Expo(D), that is, the quadruple (J, βρh , ωρh ,Ω)
gives a Calabi-Yau structure of G·Expo(D). Thus the statement (i) has been proved.
Next we shall prove the statement (ii). Assume that D is a domain surrounded
by two W -invariant star-shaped hypersurfaces (for 0) of ad as in Figure 3. Then it is
clear that there exists a W -equivariant diffeomorphism eta of ad \ {0} onto D \ {0}.
From the statement (i), it follows that (η˜∗J, η˜∗βρh , η˜∗ωρh , η˜∗Ω) gives a Calabi-Yau
structure of (GC/KC) \ (G · o).
D
ad
C
Figure 3 : Domain surrounded by W -invariant star-shaped hypersurfaces
According to the Schwarz’s theorem ([Sc]), the ring C∞W (a
d) of all W -invariant
C∞-functions over ad is given by
C∞W (a
d) = {f ◦ (ρ1, · · · , ρl) | f ∈ C∞(Rl)},
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where ρ1, · · · , ρl are generators of C∞W (ad) of the ring PolW (ad) of all W -invariant
polynomials over ad. For simplicity, set −→ρ := (ρ1, · · · , ρl). Any element ψ of
PH+G (G
C/KC) is described as ψ = (f ◦ −→ρ )h for some f ∈ C∞(Rl).
By using Theorem 3.5, we can derive the following fact.
Theorem 3.6. Let f be a C∞-function on an open set V of Rl such that −→ρ −1(V )
is a W -invariant open set of pd. Assume that the matrix l∑
k=1
 l∑
k̂=1
(
∂2f
∂y
k̂
∂yk
◦ −→ρ
)
· ∂ρk̂
∂xi
· ∂ρk
∂xj
+
(
∂f
∂yk
◦ −→ρ
)
· ∂
2ρk
∂xi∂xj

is positive at some point of −→ρ −1(V ) and that
(3.10)
det
 l∑
k=1
 l∑
k̂=1
(
∂2f
∂y
k̂
∂yk
◦ −→ρ
)
· ∂ρk̂
∂xi
∂ρk
∂xj
+
(
∂f
∂yk
◦ −→ρ
)
· ∂
2ρk
∂xi∂xj

×
l∑
k=1
(
∂f
∂yk
◦ −→ρ
)
· D(ρk) = 2n
holds on (W · C) ∩ −→ρ −1(V ), where (x1, · · · , xr) and (y1, · · · , yl) are the natural
coordinates of ad and Rl, respectively. Then the statements (i) and (ii) hold.
(i) The function (f ◦−→ρ )h is a G-invariant strictly plurisubharmonic C∞-function
on G ·Expo(−→ρ −1(V )) and the quadruple (J, β(f◦−→ρ )h , ω(f◦−→ρ )h ,Ω) gives a Calabi-Yau
structure of G · Expo(−→ρ −1(V )).
(ii) Assume that −→ρ −1(V ) is a domain surrounded by two W -invariant star-
shaped hypersurfaces (for 0) of ad as in Figure 3. Then there exists aW -equivariant
diffeomorphism η of ad \ {0} onto −→ρ −1(V ) \ {0}. Let η˜ be the G-equivariant dif-
feomorophism of (GC/KC) \ (G · o) onto G · Expo(−→ρ −1(V ) \ {0}) arising from η.
Then the quadruple (η˜∗J, η˜∗β(f◦−→ρ )h , η˜∗ω(f◦−→ρ )h , η˜∗Ω) gives a Calabi-Yau structure
of (GC/KC) \ (G · o).
Proof. By a simple calculation, we have
∂2(f ◦ −→ρ )
∂xi∂xj
=
l∑
k=1
 l∑
k̂=1
(
∂2f
∂y
k̂
∂yk
◦ −→ρ
)
· ∂ρk̂
∂xi
· ∂ρk
∂xj
+
(
∂f
∂yk
◦ −→ρ
)
· ∂
2ρk
∂xi∂xj
)
and
D(f ◦ −→ρ ) =
l∑
k=1
(
∂f
∂yk
◦ −→ρ
)
· D(ρk).
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Hence, by the assumption,
(3.11) D(f ◦ −→ρ ) · det
(
∂2(f ◦ −→ρ )
∂xi∂xj
)
= 2n
holds on (W ·C)∩−→ρ −1(V ). Hence, it follows that the index of the symmetric matrix
function
(
∂2(f ◦ −→ρ )
∂xi∂xj
)
is constant on (W · C) ∩ −→ρ −1(V ). On the other hand, by
the assumption, the symmetric matrix
(
∂2(f ◦ −→ρ )
∂xi∂xj
)
is positive (i.e., of index zero)
at some point of (W · C) ∩ −→ρ −1(V ). Therefore it is shown that this symmetric
matrix funtion is positive at each point of (W · C) ∩ −→ρ −1(V ), that is, f ◦ −→ρ is
strictly convex on (W · C) ∩ −→ρ −1(V ). Hence (f ◦ −→ρ )h is strictly plurisubharmonic
on G · Expo((W · C) ∩ −→ρ −1(V )). Also, it is clear that (f ◦ −→ρ )h is G-invariant. On
the other hand, from (3.7), (3.8) and (3.11), we can show that
(3.12) ωn(f◦−→ρ )h = (−1)
n(n−1)
2 · n! ·
(√−1
2
)n
· Ω ∧ Ω
holds on G · Expo((W · C) ∩ −→ρ −1(V )). Furthermore, by the continuity of ωf◦−→ρ
and Ω, the relation (3.12) holds on −→ρ −1(V ). From this fact, it follows that (f ◦
ρ1)
h is strictly plurisubharmonic on G · Expo(−→ρ −1(V )) and that the quadruple
(J, β(f◦−→ρ )h , ω(f◦−→ρ )h ,Ω) gives a Calabi-Yau structure of G · Expo(−→ρ −1(V )). Thus
the statement (i) has been proved. The statement (ii) is shown by the same discus-
sion as the proof of (ii) of Theorem 3.5.
4 Rank one-case
In this section, we consider the case where G/K is a rank one symmetric space of
compact type, that is, the n-dimensional sphere Sn(c) of constant curvature c, the
n
2 -dimensional complex projective space CP
n(c) of maximal sectional curvature 4c,
the n4 -dimensional complex projective space QP
n(c) of maximal sectional curvature
4c or the Cayley plane OP 2(c) of maximal sectional curvature 4c. Set
d :=

0 (when G/K = Sn(c))
1 (when G/K = CP
n
2 (c))
3 (when G/K = QP
n
4 (c))
7 (when G/K = CP 2(c)).
Then we have the root space decomposition
p = a⊕ p√cβ0(e,·) ⊕ p2√cβ0(e,·),
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where e is a unit vector of a (dim a = 1). Note that dim p2
√
cβ0(e,·) = d. Also, the
only generator ρ1 of PolW (a
d) is given by
ρ1(v) := ‖v‖2 (v ∈ ad).
For any v 6= 0, we can show
(4.1) D(ρ1)(v) =
(
2
√
c〈v, e〉
tanh(
√
c〈v, e〉)
)n−d
·
(
4
√
c〈v, e〉
tanh(2
√
c〈v, e〉)
)d
.
From this relation, we can derive limv→0D(ρ1)(v) = 2n. Thus D(ρ1) exdends to a
C∞-function on ad.
From Theorem 3.6, we can derive the following fact.
Proposition 4.1. Assume that G/K is of rank one. Let f be a C∞-function on an
open interval I satisfying the following conditions:
(I) 2s20 f
′′(s20) + f
′(s20) > 0 holds at some point s0 of ρ
−1
1 (I);
(II) The following ordinary differential equation holds:
(4.2) (2s2f ′′(s2) + f ′(s2)) · f ′(s2) · D(ρ1)(s) = 2n−1 (s ∈ ρ−11 (I) \ {0}).
Let η be a W -equivariant diffeomorphism of ad \ {0} onto ρ−11 (I) and η˜ the G-
equivariant diffeomorophism of (GC/KC) \ (G · o) onto G · Expo(ρ−11 (I)) arising
from η. Then (f ◦ ρ1)h is a G-invariant strictly plurisubharmonic C∞-function on
G · Expo(ρ−11 (I)) and (η˜∗J, η˜∗β(f◦ρ1)h , η˜∗ω(f◦ρ1)h , η˜∗Ω) gives a Calabi-Yau structure
of (GC/KC) \ (G · o).
Proof By a simple calculation, we have
(f ◦ ρ1)′′(s) = 4s2(f ′′ ◦ ρ1)(s) + 2(f ′ ◦ ρ1)(s) = 4s2f ′′(s2) + 2f ′(s2).
From this relation and the assumption (II), it follows that
(f ◦ ρ1)′′(s) · D(f ◦ ρ1) = (f ◦ ρ1)′′(s) · f ′(s2) · D(ρ1)
= (4s2f ′′(s2) + 2f ′(s2)) · f ′(s2) · D(ρ1) = 2n
holds on (W ·C)∩ρ−11 (I). This relation corresponds to (3.11). By the same discussion
as the second-half part of the proof of Theorem 3.6, we can derive the statement.
From this proposition, we obtain the following fact.
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Theorem 4.2. Let f be a C∞-function on the open interval (0,∞) defined by
(4.3) f(s) :=
∫ s
0
(
1
s
∫ s
0
tanhn−d(
√
cs) · tanhd(2√cs)
2d+1 · cn2 · sn2 ds+ C1
) 1
2
ds+ C2,
where Ci (i = 1, 2) are any positive constants. Then f extends an even C
∞-function
f˜ on (−∞,∞) and (f˜ ◦ ρ1)h is a G-invariant strictly plurisubharmonic C∞-function
on GC/KC and (J, β
(f˜◦ρ1)h , ω(f˜◦ρ1)h ,Ω) gives a Calabi-Yau structure of G
C/KC.
Proof. It is easy to show that f extends an even C∞-function f˜ on (−∞,∞).
This extended function f˜ satisfies the conditions (I) and (II) in Proposition 4.1.
From Proposition 4.1, te second-half part of the statement of this theorem follows
directly.
Remark 4.1. The Ricci-flat metric β
(f˜◦ρ1)h in Theorem 4.2 is complete. This complete
Ricci-flat metric is called the Stenzel’s metric.
5 Rank two-case
In this section, we consider the case where G/K is a rank two symmetric spaces of
compact type, that is, one of the followings:
SU(3)/SO(3), SU(6)/Sp(3), SU(m+ 2)/S(U(2)× U(m)) (m ≥ 2),
SO(m+ 2)/(SO(2)× SO(m)) (m ≥ 2), SO(8)/U(4), SO(10)/U(5), Sp(2)/U(2),
Sp(m+ 2)/(Sp(2)× Sp(m)) (m ≥ 2), E6/SO(10) · U(1), E6/F4, G2/SO(4).
Set lλ := λ
−1(0) (λ ∈ △+). Let (e1, e2) be an orthonormal base of ad such that
Span{e1} coincides with one of lλ’s, and (x1, x2) the Euclidean coordinate of asso-
ciated to (e1, e2). Then the set {lλ |λ ∈ △+} is described as{
Span
{
cos
jpi
k
· e1 + sin jpi
k
· e2
} ∣∣∣∣ j = 0, · · · , k − 1} ,
where k is given by
k =

2 (when △ : (d2)− type)
3 (when △ : (a2)− type)
4 (when △ : (b2) or (bc2)− type)
6 (when △ : (g2)− type).
See Table 1 about the type of the restricted root system △ of each rank two sym-
metric space. Let λj (j = 0, · · · , k − 1) be the element of △+ with
lλj = Span
{
cos
jpi
k
· e1 + sin jpi
k
· e2
}
,
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where we choose λ when both λ and 2λ are elements of △+ (which can happen only
in the case where △+ is (bc2)-type).
G/K Type of △
SU(3)/SO(3) (a2)
SU(6)/Sp(3) (a2)
SU(m+ 2)/S(U(2) × U(m))
{
(bc2) (m ≥ 3)
(d2) (m = 2)
SO(m+ 2)/(SO(2) × SO(m)) (b2)
SO(8)/U(4) (d2)
SO(10)/U(5) (bc2)
Sp(2)/U(2) (d2)
Sp(m+ 2)/(Sp(2) × Sp(m))
{
(bc2) (m ≥ 3)
(d2) (m = 2)
E6/SO(10) · U(1) (bc2)
E6/F4 (a2)
G6/SO(4) (g2)
Table 1 :Types of △ of rank two symmetric spaces
Denote by Bj the reflection with respect to lλj . Note that Bj is given by
Bj(v) =
(
v1 cos
2jpi
k
+ v2 sin
2jpi
k
)
e1 +
(
v1 sin
2jpi
k
− v2 cos 2jpi
k
)
e2
(v =
∑
i=1
viei ∈ ad).
The Weyl group W is given by
W = {id} ∪ {Bi | i = 0, · · · , k − 1} ∪ {(B0 ◦B1)j | j = 1, · · · , k − 1}.
Define a function ρ1 on a
d by
ρ1(v) := ‖v‖2(= v21 + v22) (v =
2∑
i=1
viei ∈ ad).
Also, define a function ρ̂2 on a
d by
ρ̂2(v) :=
∑
B∈W
φ(B(v)) (v =
2∑
i=1
viei ∈ ad),
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where φ is the function on ad defined by
φ(v) :=

v1v
2
2 (when △ : (a2)− type)
v21v
2
2 (when △ : (b2), (bc2) or (d2)− type)
v21v
4
2 (when △ : (g2)− type).
(v =
2∑
i=1
viei ∈ ad). It is clear that ρ1 and ρ̂2 areW -invariant. By using the Euclidean
coordinate (x1, x2), ρ1 and ρ̂2 are expressed as
ρ1(x1, x2) = x
2
1 + x
2
2
and
ρ̂2(x1, x2) =

−3
2
x1(x
2
1 − 3x22) (when △ : (a2)− type)
8x21x
2
2 (when △ : (b2) or (bc2)− type)
4x21x
2
2 (when △ : (d2)− type)
3
8 (3x
6
1 − 9x41x22 + 21x21x42 + x62) (when △ : (g2)− type),
respectively. Define a W -invariant function ρ2 on a
d by
ρ2(x1, x2) =

x1(x
2
1 − 3x22) (when △ : (a2)− type)
x21x
2
2 (when △ : (b2) (bc2) or (d2)− type)
3x61 − 9x41x22 + 21x21x42 + x62 (when △ : (g2)− type).
Then we have
(5.1)
∂ρ1
∂xi
= 2xi (i = 1, 2)
∂2ρ1
∂x2i
= 2
∂2ρ1
∂x1∂x2
= 0
and
(5.2)
∂ρ2
∂x1
=

3(x21 − x22) (when △ : (a2)− type)
2x1x
2
2 (when △ : (b2), (bc2) or (d2)− type)
6x1(3x
4
1 − 6x21x22 + 7x42) (when △ : (g2)− type),
(5.3)
∂ρ2
∂x2
=

−6x1x2 (when △ : (a2)− type)
2x21x2 (when △ : (b2), (bc2) or (d2)− type)
−6x2(3x41 − 14x21x22 − x42) (when △ : (g2)− type),
(5.4)
∂2ρ2
∂x21
=

6x1 (when △ : (a2)− type)
2x22 (when △ : (b2), (bc2) or (d2)− type)
6(15x41 − 18x21x22 + 7x42) (when △ : (g2)− type),
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(5.5)
∂2ρ2
∂x22
=

−6x1 (when △ : (a2)− type)
2x21 (when △ : (b2), (bc2) or (d2)− type)
−6(3x41 − 42x21x22 − 5x42) (when △ : (g2)− type),
(5.6)
∂2ρ2
∂x1∂x2
=

−6x2 (when △ : (a2)− type)
4x1x2 (when △ : (b2), (bc2) or (d2)− type)
−24x1x2(3x21 − 7x22) (when △ : (g2)− type),
Let Xλ =
2∑
i=1
cλi
∂
∂xi
. For any (x1, x2) ∈ W · C, we have (Xλ)(x1,x2)(ρ1) = 2
2∑
i=1
cλi xi
and
(Xλ)(x1,x2)(ρ2) =

3cλ1 (x
2
1 − x22)− 6cλ2x1x2 (when △ : (a2)− type)
2x1x2(c
λ
1x2 + c
λ
2x1) (when △ : (b2), (bc2) or (d2)− type)
6cλ1x1(3x
4
1 − 6x21x22 + 7x42)
−6cλ2x2(3x41 − 14x21x22 − x42) (when △ : (g2)− type).
Hence, from (3.3), we obtain
(5.7) D(ρ1)(x1, x2) = Π
λ∈△+
(
2
∑2
i=1 c
λ
i xi
tanh(
∑2
i=1 c
λ
i xi)
)mλ
and
(5.8)
D(ρ2)(x1, x2) =

Π
λ∈△+
(
3cλ1 (x
2
1 − x22)− 6cλ2x1x2
tanh(
∑2
i=1 c
λ
i xi)
)mλ
(when △ : (a2)− type)
Π
λ∈△+
(
2x1x2(c
λ
1x2 + c
λ
2x1)
tanh(
∑2
i=1 c
λ
i xi)
)mλ
(when △ : (b2), (bc2) or (d2)− type)
Π
λ∈△+
(
6cλ1x1(3x
4
1 − 6x21x22 + 7x42)− 6cλ2x2(3x41 − 14x21x22 − x42)
tanh(
∑2
i=1 c
λ
i xi)
)mλ
(when △ : (g2)− type).
From (5.7), we can derive that
(5.9) lim
(x1,x2)→(a1,a2)
D(ρ1)(x1, x2) = Π
λ∈S
2mλ × Π
λ∈△+\S
(
2
∑2
i=1 c
λ
i ai
tanh(
∑2
i=1 c
λ
i ai)
)mλ
holds for any S ⊂ △+ and any (a1, a2) ∈ ∩
λ∈S
λ−1(0) \ ∪
λ∈△\S
λ−1(0). Thus D(ρ1)
exdends to a C∞-function on ad. On the other hand, according to (5.8), D(ρ2) does
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not exdend a C∞-function on ad. However there is possible to exist a C∞-function
f on an open domain V acrossing the boundary of −→ρ (W · C)(= −→ρ (C)) as in Figure
4 such that (3.10) holds on −→ρ −1(V ) ∩W · C.
−→ρ −1(V )
ad
x1
x2
y1
y2
−→ρ
V
−→ρ (W · C)
Figure 4 : An open domain acrossing the boundary of −→ρ (W · C)
We shall explain this possibility in detail. It is clear that −→ρ (W · C)(= −→ρ (C)) is
a domain of R2. Also, it is easy to show that −→ρ (ad \ (W · C))(= −→ρ (∂C)) is the
boundary of −→ρ (W · C). Take notice of the term
(
∂f
∂y2
◦ −→ρ
)
· D(ρ2) in (3.10). As a
point (x1, x2) of W · C approaches some point of ad \ (W · C), D(ρ2)(x1, x2) diverges.
Hence, we see that, if f is defined on an open set V acrossing the boundary of
−→ρ (W ·C) as in Figure 4, then ∂f
∂y2
(y1, y2) must converge to zero as a point (y1, y2) of
−→ρ (W · C) approaches some boundary point of −→ρ (W · C). Thus a solution f̂ of (3.10)
is defined on a domain V̂ ′ of R2 with V ′ ∩ ∂−→ρ (W · C) 6= ∅ and if f̂(y1, y2) converges
to zero as a point (y1, y2) of
−→ρ (W · C) approaches to some point of ∂−→ρ (W · C), then
f̂ extends to a C∞-function on a domain V (⊃ V ′) acrossing ∂−→ρ (W · C).
We shall express −→ρ (ad)(= −→ρ (W · C)) explicitly. Easily we can show
(5.10) ρ1(r cos θ, r sin θ) = r
2
and
(5.11) ρ2(r cos θ, r sin θ) =

r3 cos 3θ (when △ : (a2)− type)
r4
4
sin2 2θ (when (b2), (bc2) or (d2)− type)
r6(cos 6θ + 2) (when △ : (g2)− type).
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Hence −→ρ (ad) is expressed as follows:
(5.12)
−→ρ (ad) =

{(y1, y2) | y1 ≥ 0, −y
3
2
1 ≤ y2 ≤ y
3
2
1 } (when △ : (a2)− type)
{(y1, y2) | y1 ≥ 0, 0 ≤ y2 ≤ y
2
1
4 } (when (b2), (bc2) or (d2)− type){(y1, y2) | y1 ≥ 0, y31 ≤ y2 ≤ 3y31} (when △ : (g2)− type).
By using (5.10) and (5.11), we can show that −→ρ (∂C) = ∂(−→ρ (ad)) and that −→ρ :
C → −→ρ (C) is a C∞-diffeomorphism in the case where △ is of (a2), (b2), (bc2) or
(g2)-type. Also, we can show that
−→ρ (∂C′) = ∂(−→ρ (ad)) and that −→ρ : C′ → −→ρ (C′) is
a C∞-diffeomorphism in the case where △ is of (d2), where
C′ := {(r cos θ, r sin θ) | r ≥ 0, 0 < θ < pi
4
}.
Here we note that
C = {(r cos θ, r sin θ) | r ≥ 0, 0 < θ < pi
2
}
in the case where △ is of (d2). Denote by −→ρ −1 the inverse maps of −→ρ |C (the case
where △ is of (a2), (b2), (bc2) or (g2)-type) and −→ρ |C′ (the case where △ is of
(d2)-type). The partial differential equation (3.10) is rewritten as
(5.13)
det
 2∑
k=1
 2∑
k̂=1
∂2f
∂y
k̂
∂yk
·
((
∂ρ
k̂
∂xi
∂ρk
∂xj
)
◦ −→ρ −1
)
+
∂f
∂yk
·
(
∂2ρk
∂xi∂xj
◦ −→ρ −1
)
×
l∑
k=1
∂f
∂yk
· (D(ρk) ◦ −→ρ −1) = 2n,
which is a non-linear partial differential equation of order two. Set
J−→ρ :=
(
∂ρi
∂xj
)
, Hρa :=
(
∂2ρa
∂xi∂xj
)
(a = 1, 2), Hf :=
(
∂2f
∂yi∂yj
)
.
By using these matirices, (5.13) is desciribed as
(5.14)
det
(
(J−→ρ ◦ −→ρ −1) ·Hf · t(J−→ρ ◦ −→ρ −1) +
2∑
i=1
∂f
∂yi
· (Hρi · −→ρ −1)
)
×
2∑
i=1
∂f
∂yi
· (D(ρi) ◦ −→ρ −1) = 2n,
where 〈 , 〉 is the usual inner product of R2.
We shall describe −→ρ −1 explicitly. Let yi = ρi(x1, x2) (i = 1, 2). First we consider
the case where △ is of (a2)-type. Then, from the definitions of ρi (i = 1, 2), we have
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4x31 − 3y1x1 − y2 = 0. If (y1, y2) belongs to −→ρ (C), then this equation (for x1) has
three distinct solutions. Denote by σ(y1, y2) the maximum one of three solutions.
Then we have x2 =
√
y1 − σ(y1, y2)2. Therefore we obtain
(5.15) −→ρ −1(y1, y2) = (σ(y1, y2),
√
y1 − σ(y1, y2)2).
Next we consider the case where △ is of (b2), (bc2) or (d2)-type. Then, from the
definitions of ρi (i = 1, 2), we have x
4
1 − y1x21 + y2 = 0. From this relation it follows
that, if (y1, y2) belongs to
−→ρ (C), then x1 = 1√
2
·
√
y1 +
√
y21 − 4y2 holds. Hence we
have x2 =
1√
2
·
√
y1 −
√
y21 − 4y2. Therefore we obtain
(5.16) −→ρ −1(y1, y2) =
(
1√
2
·
√
y1 +
√
y21 − 4y2,
1√
2
·
√
y1 −
√
y21 − 4y2
)
.
Next we consider the case where △ is of (g2)-type. Then, from the definitions of ρi
(i = 1, 2), we have
32x61 − 48y1x41 + 18y21x21 + y31 − y2 = 0.
If (y1, y2) belongs to
−→ρ (C), then this equation (for x1) has six distinct solutions. De-
note by σ̂(y1, y2) the maximum one of six solutions. Then we have x2 =
√
y1 − σ̂(y1, y2)2.
Therefore we obtain
(5.17) −→ρ −1(y1, y2) = (σ̂(y1, y2),
√
y1 − σ̂(y1, y2)2)
By using using (5.1)− (5.8) and (5.15)− (5.17), we can describe the Monge-Ampe`re-
like equation (5.14) explicitly.
In more general, we consider the following Monge-Ampe`re-type equation:
(5.18) det
(
A ·Hf · tA+
l∑
k=1
∂f
∂yk
· Bk
)
·
l∑
k=1
σk
∂f
∂yk
= 2n,
where A is a GL(l,R)-valued C∞-functions on a relative complact open set V of Rl,
Bk (k = 1, · · · , l) are symmetric (real) (l, l)-matrix-valued C∞-functions on V , σk
(k = 1, · · · , l) are C∞-functions on V . By using the discussion as in [GW], we shall
show the existence of C∞-solution of (5.18). Define a partial differential operator
D̂ : C4,α(V )→ C2,α(V ) (0 < α < 1) by
D̂(f) := det
(
A ·Hf · tA+
l∑
k=1
∂f
∂yk
·Bk
)
·
l∑
k=1
σk
∂f
∂yk
(f ∈ C4,α(V )).
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For a sufficiently small positive constant ε, we set
Uε :=
{
f ∈ C4,α(V )
∣∣∣∣∣ D̂(f) ≥ ε &
∫
V
D̂(f) dv = 2n · vol(V ) &
l∑
k=1
σk
∂f
∂yk
≥ ε
}
,
dv denotes the Euclidean volume element of Rl and vol(V ) denotes the Euclidean
volume of V . By noticing D̂(cf) = cl+1D̂(f) holds for any constant c, we may
assume that Uε is not empty, where V needs to be shrinked if necessary. It is clear
that Uε is the closure of an open set of C4,α(V ). Take f0 ∈ Uε. We consider a
one-parameter family of the following Monge-Ampe`re-type equations:
(∗t) D̂(f) = (1− t)D̂(f0) + 2n · t,
(t ∈ [0, 1]). Denote by St the set of all C4,α-solutions of (∗t). Set
S ′t :=
{
f ∈ St
∣∣∣∣∣
l∑
k=1
σk
∂f
∂yk
≥ ε
}
and
I := {t ∈ [0, 1] | ∃ S ′t 6= ∅}.
It is clear that 0 belongs to I. Take any f1 ∈ S ′t1 (t1 ∈ I). We shall first show that
the linearization L := dD̂f1 of D̂ at f1 is elliptic. For f ∈ C4,α(V ), we set
C(f) = (c(f)ij) := A ·Hf · tA+
l∑
k=1
∂f
∂yk
·Bk.
Denote by c˜(f)ij the (i, j)-cofactor of C(f) and C˜(f) the cofactor matrix of C(f)
(i.e, C˜(f) = (c˜(f)ji)). Let A = (aij) and Bk = (b
k
ij). Then we have
(5.19)
dD̂f1(f) =
d
ds
∣∣∣∣
s=0
D̂(f1 + sf)
=
 l∑
i=1
l∑
j=1
c˜(f1)ijc(f)ij
 · l∑
i=1
σi · ∂f1
∂yi
+detC(f1) ·
l∑
k=1
σk · ∂f
∂yk
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=
l∑
k=1
l∑
l=1
 l∑
i=1
l∑
j=1
alj c˜(f1)ijaik
 · l∑
i=1
σi · ∂f1
∂yi
 · ∂2f
∂yk∂yl
+
 l∑
i=1
l∑
j=1
c˜(f1)ij ·
l∑
k=1
∂f
∂yk
· bkij
 · l∑
i=1
σi · ∂f1
∂yi
+detC(f1) ·
l∑
k=1
σk · ∂f
∂yk
.
Since
l∑
i=1
l∑
j=1
alj c˜(f1)ijaik is the (k, l)-component of AC˜(f1)A, we have
(5.20)
E(f1) := det
 l∑
i=1
l∑
j=1
alj c˜(f1)ijaik
 · l∑
i=1
σi
∂f1
∂yi

= (detA)2 · det C˜(f1) ·
(
l∑
i=1
σi
∂f1
∂yi
)l
.
From detC(f1) > 0, we obtain det C˜(f1) = (detC(f1))
l−1 and hence
E(f1) = (detA)2 · (detC(f1))l−1 ·
(
l∑
i=1
σi
∂f1
∂yi
)l
= (detA)2 · D̂(f1)l−1 ·
l∑
i=1
σi
∂f1
∂yi
.
Therefore, it follows from D̂(f1) ≥ ε and
l∑
k=1
σk
∂f1
∂yk
≥ ε that E(f1) ≥ (detA)2εl > 0.
Thus dD̂f1 is uniformly elliptic.
Set
U ′ε :=
{
f ∈ C2,α(V )
∣∣∣∣ f ≥ ε & ∫
V
f dv = 2n · vol(V )
}
.
The tangent space Tf1Uε of Uε at f1 is given by
Tf1Uε =
{
f ∈ C4,α(V )
∣∣∣∣ ∫
V
dD̂f1(f) dv = 0
}
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and the tangent space TD̂(f1)(U ′ε ∩ C2,α(V )) of U ′ε ∩ C2,α(V ) at D̂(f1) is given by
TD̂(f1)(U
′
ε ∩ C2,α(v)) =
{
f ∈ C2,α(V )
∣∣∣∣ ∫
V
f dv = 0
}
.
Set L := dD̂f1 (: Tf1Uε → TD̂(f1)U ′ε). From (5.19), we can show that L is surjective
by the standard discussion. Take any cut-off C∞-function λ such that the support
of λ is equal to the closure of V . Then, by the standard discussion, we can show that
‖Hf1‖ ≤ C
λ
holds on V for some positive constant C depending only on λ. From the
arbitariness of f1, it follows that this estimate holds for any element of S ′ := ∐
t∈I
S ′t.
Hence, from the elliptic regularity, we can derive that S ′ is bounded with respect
to C3,α-norm. Set t∗ := sup I. Suppose t∗ < 1. Take a sequence {fk}∞k=1 in S ′
with limk→∞ D̂(fk) = (1 − t∗)D̂(f0) + t∗ν. Since S ′ is bounded with respect to
C3,α-norm, there exists a convergent subsequence {fk(j)}∞j=1 (with respect to the
C3,α-topology). Set f∞ := lim
j→∞
fk(j). Then we have D̂(f∞) = (1 − t∗)D̂(f0) + t∗ν
and
l∑
k=1
σk
∂f∞
∂yk
+ σ0 ≥ ε. Hence we obtain t∗ ∈ I. From the elliptic regularity, it
follows that f∞ is a C∞-solution. By the same discussion as above, we can show
that
dD̂f∞ : Tf∞Uε → TL(f∞)U ′ε
is elliptic and surjective. From this fact, it follows that [0, t∗ + ε′] ⊂ I holds for a
sufficiently small positive number ε′. This contradicts the definition of t∗. Therefore
we obtain t∗ = 1 and furthermore 1 ∈ I. This together with the elliptic regularity
implies that (∗1)(= (5.18)) has a C∞-solution on V .
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